
 

POLYNOMIALS IN CATEGORIES WITH PULLBACKS

1 The operational view extensive view

Originally a poly functor Set Set is one that's in the closure

of id under t more gerently under IT E

More greatly a multivariate poly funds St Set is one in

the closure of the projection fes Set Set under IT 2

0
Even more greatly a poly functor Set Set is a

3 indexed fundy of poly finds Set Set

There are many
other views on poly factors

Functors SHI Setts which are composites of

Seth Stf f 3 I

If Sf pullback along f

Ttf Set get
I If postcomposewith f

Aij EI jtf ftp.A.j ieIXtTf
dependent product

where think of f 3 I as

giving family of sets Ji iie It
with Ji f ti

s



Functors SHIEsstb of form SetteEs Sette Self Seth

f
Functors SHI Seth which

preserve
connected limit and are small

Girard's normal functors 881

with a leftmultiadjoint Diers 78
whoseslices Ff are rightadjoint

local right adjoint Street to

What happens if I gaudie there from Set to E

Typically

if say E is locally presentable

c but note here that If He Eb may not
exist for all f but we can restrict to the classof
exponentable f by defnthere are the f for which

If exists
not very much to do with nest except e if Elextensive

Now E and typically E

typically super interesting

E presheuf cab hare pm finds that David spoke of
E variety a s corings plelhories friends Tall Wraith

Bergman Haushnecht Joyal Boyer

E SHH X stonespace s topological dynamics c noncomm
geometry



Hoverer and give a much more uniform theory which is

the theory of polynomial finches in E

Magicalfact in any caty E with pb's and coincide

Why Things in have normal forms in

Gambino Koch 2013 Weber 2015

idea v

If we have GI Eg eye
L I
j

I can form pb to the njut t of
K J

and now the 2 all g

19 Elk Eli 1k

If I Lsu transposes to one Iff I I 24
HI Elk

which turns out to be invertible Bech Chevalley

So now 43
byFI S LIK

Hea Ia

Ttf V

Similarly if we have EE s 9 44k I

can form pullback and the canonical 2 all ut tf
k 3

HI g

Tiff fin is again invertible Bech Chually

Eb 4k so can rewrite
Sg



If we have Eli Eb 4k can form
Is M

n
E f J

Bymessing around with adjoint using BC if
I flightI distributivityisom for Tl's in this pb square get y K pullback

a canonical 2 cell i g
counitof Dg Ig Ely 4k

HI Eb at f
set
Ek f Ig which turns out to be invertible

Tla 1
Elm Elk In Sf this inverhbility expresses the ison

atIEBacab F.ae aIaca.fcas

called type theoretic axiomof choice or complete distributivity

Using the inertble we can recite as

Using these three rewrites we can kn ay
into a

REMARKL So typically have

E
However if we interpret less naively in E



we get another equivalent formulation of Namely if we
look at inked fucks between inked slice catysof E which

in a suitable indexed senge are local right adjoint then we get

polynomial functions Koch and Koch 2013
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2 THE COMBINATORIAL VIEW OR INTENSIVE VIEW

The normal form of a poly fundor HI
gives us a more compact wayof viewing them

from I to J

Dere A polynomial in a calf w pullback E is a diagram

p et
E Is B

y
I J

The associated poly functor of P is

Fp YI eye E Eg

To compose two polys we compose the associated poly functor
and the the normal form

j o

QOP
T

L j L
dpb

E B F e

t l t l
I 3 K

Pe Q



By construction Fap Fo Fp

3 MAPS of POLYNOMIALS

we'd like to see polys from I to 3 as I cells in a

bicategay Polje So what are 2 cells

To motivate this lets return to the Set case If
FG St Set ane poly frutos then a map between

Them in just a nut Xfm Since poly funds in Et preserve
conn limits they are pointuire coproductsof representable and

so we can use Yoneda to get a representation of suchnat
fans in terms of the poly normal form

Prep If P Q are set polynomials from I to J

P t E t B s

I 1St T

Qin L
f g

c

Then to give a Fp Fo is equally to givethe blue maps
f g above

Pref We write Bj If3 for family of fibresof s

We write 1Eib icI.beB for fibres of It p E It B



In these terms Fp Set Set
Eib

Xiiiett E.g III Xi je 3

So now x is ftp.q.II HiEibIsE.g.fIIHif g ET

rep functor

set Set iI E.glIHiFic je3 beB
rept by
IEib EI

g.bfdi.I.q.BE g.fIIEibF

If we write Ijb as f b Ecj Gib Fifog Eib ice
then we get

t E Pet B X
ITSY If 3

a r
F T C

What happens in an arbitrary caly E with pullbacks

The naive thing doesn't work if we define a map
between

polys from I to 3 to be a nat transformation between Pp
and Pa we get nowhere The reason is that the Pf's
are no longer pluire Sumsof representable so we can'tapply
Yoneda



However I said last time we an view poly fundus UI EB as

inked fundos four E now as indexed factors they are pointwise

copndsof representable and so the sane argument applies
what we have is

Defy A map of polys fon I to 3 in E is

ft Et B Sy
writePoly CID RQ

I 9
If 3 forsetof such
r

F T C

PROI Theres an assignment Abbott2003 comb.no Koch
a n 2013

PolyeCI 3 Pi ldxNatfek.ies fFp.Fa

which sends to unitof 0g Tg
4 Tip
Es Etsy

I E pi Tsf I 43
you

EBC
court of 2ft SfGrig 7k

This is an isomorphism and so we get a catty PolyelI 3
with a f f functor Poly CI 31 IdxNatlHI EG

So finally we have

Defy The 2 city of polynomial factors in E has



Obs Hose of E
halls I 3 poly functos YI Eb
2 cells indexed transformation x f G EE Eb

Polye

The bicaty of polynomials in E has

obs those of E
I cells I 73 polys I 3

2 cells mapsof polynomials

with remaining data forced by the requirement that there be a

locally fully fulhful homomorphism of bcategories

Poly Idx Cate
I Eli

and giren on hors by

Pebelts IdxCate KII Eb
as in previous proposition
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4 UNIVERSAL PROPERTY of Etr Polyq

We'll assume in this section E is locally cartesian closed i e

all map f are exporeshible lie Tf exists

Poly fundos invoke Etd 11T satisfying B C and distributivity

onions We can make sense of these adjunctions c coherence

data in any bicaty motivating the following universal property



Warm up Spane

Defy Let E be a cat of pullbacks k a bicity
1 A b functor f EP K is just a pseudofurcher

with action written as

XI FX

fix y Fsf Fy FX

2 A ZA functor f Em K is a b functor st

each Fsf has a left adjoint Fzf.hr Fy in k

for each pb square DTC in E the canonical
j

n I 19 BE 2 cell
B A
f

Fsu
FC FD

Fes I try is inverhble

FA FB
Fsf

Examples

a A b functor EP Cat is an E indexed calf
Is withguns

In phi there's a Ed fincher Eon Cat
X 1 Mx
f Fsf_Af



b There's a Ed fincher y E Sparse

X X

with FIH yt xx FIH Hi

TIM Dawson Pari Pork 2004 y EM Spare is the
universal 2 b finch out of E ie for anybicaty K
composition with y induces a biequivalence

HomlSpany K Ed FinchEN K

Now lets do Polye As mentioned above let's take E Kcc

Def A AIT functor FEn k is a S fundo st
each Fsf has a right adjoint Faf such that the
canonical B c 2 all associated to any pb Square in E
is invertible

A EAT functor f Ed K is a b functorwhich is
both a IA functor and a SI functor and suck that

for any distributivity pullback
E Tu D

et

Ft f
LA fTgf v

FE
4
FD B C

the can 2 cell Fse f J

FA IT 1
is invertibleFaf I 9 FCFB



Examples

a A SIT functor EP Cat is an indexed calfwith products
2SIT i i i i

sums products dishributity

Forexample have F EP Cat
x Hx

with Fsf tf Faf Tf Ef Ef

Forexample let E beany locally small calf
Have a B functor F Stop CAT

I beg EI
This is a 2A funder if he has small coprodnets

a AI fincher if he has small products
a ESI factor if hehas small products smallcopodicts

and infinite distributivity

Fer Th f.TTh jtIgXiitgi

Forexample let E be a topos Have a b funder

F EP Poset

x vs Sabar

This is always a Ed and a AIT functor



It's a IIIT functor if we hae in E that

Vje3 Jktkj 9lj.hr Ff kj.Vjc3.9lj.hr

b There's a EST fincher y Ed Polye and with

X X

FACH
y fzffl.fr fyyFislH Xy

THI Walter 2019 y Blye is the universal EST fincher

out of E
HoodPolye k EST Faut En k

In particular the EST fincher for Cat
X 1 EK

induces the canonical homomorphism Polyy Cat
X EH

5 THE KLEISLI VIEW

after von Glehn
Let's define IdxCat E S faut Cen Cat

IdxCat Ill SIT

IdiCatz E Ed

We have ldxcat.de Ideate ldxcat.IE psmonadic



So writing Tz Ty for induced psmonads on Idxcatte

have

ldxcat.IE Tz alg and save for IT

FAI theres a ps distributive law Title TETI
and algs her composite psmonadge id cab with

sons products x distributivity L Tete

Defy The O ay theeyTof TETI is the full sub bicategory
of kl Tz Tt on the representables y't e HoutenCat

op
THI TE Polye
perf fact TETI is a cocontinuous pseudomonad So TzTa alg
is biequivalent toHarlem Cat But we know that TzT alg
is the bicaty ENT Fintech Cat t Hom Polye Cat

op
So T e Polyy D


