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Para Optics

@ Forward pass: parameters p, input s
e yields output a

o Backward pass: parameters p, input s, desired output change da
o yields: parameter delta dp and input delta ds

fwd :: (p, s) > a
bwd :: (p, s, da) -> (dp, ds)

e Composition and identity: (bi-)category of optics.
e objects are pairs (s, ds), (a, da)
e morphism from (s, ds) to (a, da) is a pair (fwd, bwd)
e what about parameters?
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Para Construction

@ Hom-sets are parameterized by objects from a monoidal category P

@ Given a small monoidal category (V,®, /), a locally graded category
is a category C enriched over ([V,Set],*, V(/,—)) with Day
convolution as the tensor product:

(F*G)u:/ V(v® w,u) x Fv x Gw

e Hom-object C(a, b) is a functor F: V — Set. You may think of it as
a collection of sets indexed by objects of V.
e Composition is given by a natural transformation in [V, Set]:

o: C(b,c)x C(a,b) = C(a,c)
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Actegory

An actegory C is a category in which we define a (functorial) action of a
monoidal category P:
o: PxC—C

satisfying some obvious coherency conditions (unit and composition):
lec=c

pe(qgec)=(p®q)ec
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Existential Parametric Optic

O(a, da)(p, dp)(s, ds) = /mC(po s,mea) x C(meda,dpeds)

@ the residues m are objects of some monoidal category M,

o the parameters (p, dp) come from another monoidal category P.

data ExLens a da p dp s ds =
forall m . ExLens ((p, 8) -> (m, a))
((m, da) -> (dp, ds))

Compare with:

fwud :: (p, s) > a
bwd :: (p, s, da) -> (dp, ds)
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Pre-Lens

O(a, da)(m,dm){p, dp)(s,ds) =C(pes,mea) x C(dme da,dp e ds)

p
Agjig{::ﬁNd a
m
dm
bwd ]<7
ds W da
dp

data Prelens a da m dm p dp s ds =
PreLens ((p, s) -> (m, a))
((dm, da) -> (dp, ds))
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Notation

o C for category C°P x C

e f: a — b a member of the hom-set C(a, b) represented by a pair
(f:b—ag:d = b):(a,d) — (b b).

@ m e a monoidal action of M x M on C x C:
(m,dm) e (a,da) = (me a,dm e da)
@ Preoptic:
O(a, da){m,dm)(p, dp)(b,db) = C(p e b,m e a) x C(dm e da, dp e db)

Oampb=C(mea,peb)

@ Individual morphism from a to b, a triple:

(m,p,f-mea — peb)
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Composition and ldentity

o Compose:

C(meb,pec)xC(nea,qeb) > C(m®n)ea, (qxp)ec)

(]

Lift the first morphism by (q e —) and the second by (me —):

MC(q.mob,qopoc)XC(m.n.a;m.q.b)

Compose these hom-sets in C, as long as the two monoidal actions

commute:
gemeb —+meqeb

for all q, m, and b.
@ The identity morphism is a triple: (1,1,id)

@ Modulo associators, unitors, and symmetrizers. Hence bi-category
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Composition and ldentity in Haskell

preCompose
Prelens a' da' m dm p dp s ds ->
Prelens a da n dn q dgq a' da' ->
Prelens a da (m, n) (dm, dn) (q, p) (dgq, dp) s ds
preCompose (PreLens f1 gl) (Prelens f2 g2) = PrelLens £f3 g3
where
£3

unAssoc . second f2 . assoc . first sym .
unAssoc . second fl . assoc
g3 = unAssoc . second gl . assoc . first sym .
unAssoc . second g2 . assoc

Notice the decoupling of the forward and backward passes.

idPrelLens :: Prelens a da () () () () a da
idPrelLens = Prelens id id
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Triple Tambara Modules

@ A Tambara module is a profunctor T: C°P x C — Set equipped with
a family of natural transformations:

a: T(a,b) > T(nea,neb)
@ A triple Tambara module is a functor:
T: M x P x C— Set
equipped with two families of natural transformations:
a: Tmpa— T(n@m)p(nea)

B: Tmp(gqea) > Tm(p®q)a
Both residues and parameter are accumulated using tensor products
coherence condition

natural transformations between triple Tambara modules
o category TriTamb
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Triple Tambara in Haskell

a: Tmpa— T(n@m)p(nea)
B: Tmp(qea) > Tm(p®q)a

class TriProFunctor t => Trimbara t where
alpha :: t mdm p dp s ds —>
t (w1, m) (dml, dm) p dp (ml, s) (dml, ds)
beta :: tmdm p dp (pl, s) (dpl, ds) —>
t m dm (p, pl) (dp, dpl) s ds
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Pre-optic as an Instance of Triple Tambara

@ For any fixeda, Tmpb =(m,p,f- mea — peb)
e a: Tmpb— T(n®m)p(neb)
e from the triple: (m,p,f: mea — peb)
o to the triple: (n®@m,p,f': (h@m)ea — pe(neb))
o use lifting of f by (ne —)
e f: Tmp(qeb) > Tm(p®q)b
e from (m,p,f: mea — pe(qeb))
o to: (mp®q,f:mea— (pRq)eb)
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Triple Tambara Representation of Optics
o A vanilla lens:
L(a, da)(s,ds) = /mC(s7 me a) x C(m e da, ds)
@ is equivalent to an end:

/ Set(T(a, da), T (s, ds))
T: Tamb

@ A pre-optic:
(m,p,f-mea — peb)

@ is equivalent to a triple end:

/ / / Set(Tnqa, T(m®n)(q®p)b)
q: PJn: MJT: TriTamb
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TriLens in Haskell

/ / / Set(Tnqa, T(m®n)(q®p)b)
q: PJn: MJT: TriTamb

type Trilens a da m dm p dp s ds

forall t. Trimbara t => forall pl dpl ml dml.
t ml1 dml pl dpl a da ->

t (m, m1) (dm, dml) (p1, p) (dpl, dp) s ds
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Pre-Optic to Triple Tambara

@ Given an optic:
(m,p,f:mea — peb)

@ produce:
Tnga— T(m®n)(qep)b

@ using composition:

Tnga S T(m®n)g(mea)

L5 T(men)q(peb)

5 T(man)(qep)b
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Triple Tambara to Pre-Optic

@ The other direction: Apply
Tnga— T(m®n)(qep)b

to identity optic (1,1, idmea)

@ The result

Tm®1)(1®p)b=(m,p,f-mea — peb)
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TriLens conversion to Pre-Optics

toTamb :: Prelens a dam dm p dp s ds >
Trilens a da m dm p dp s ds
toTamb (PrelLens fw bw) = beta . dimapS fw bw . alpha

fromTamb :: Trilens a da m dm p dp s ds >
Prelens a da m dm p dp s ds
fromTamb f = dimapM runit unRunit $
dimapP unLunit lunit $
f idPrelLens
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TriLens Composition

Sequential composition:

triCompose ::
Trilens b db m dm p dp s ds ->
Trilens a da n dn q dgq b db —>
Trilens a da (m, n) (dm, dn) (g, p) (dq, dp) s ds
triCompose f g = dimapP unAssoc assoc
dimapM unAssoc assoc

f. g

Parallel composition similarly defined.

prodLensT :: Trilens a damdmp dp s ds —>
Trilens a' da' m' dm' p' dp' s' ds' ->

Trilens (a, a') (da, da') (m, m') (dm, dm')
(p, p') (@p, dp') (s, s') (ds, ds')
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Linear Lens

type D = Double
type V = [D]

linearlL :: Int -> Prelens DD (V, V) (V, V) VV VYV
linearl. n = Prelens fw bw
where
fw :: (v, V) > ((v, V), D)
fw (p, s) = ((s, p), sumN n (zipWith (*) p s))
bw :: ((V, V), D) -> (V, V)
bw ((s, p), da) = (fmap (da *) s
,fmap (da *) p)

n
Oa Oa
325 pi XS B =5 Ds = pi
: pi Si
i=1
Bartosz Milewski (Programming Cafe) Parametric Profunctor Preoptics 2024 19/23



Neuron

linearT :: Int -> Trilens DD (V, V) (V, V) VV VYV
linearT n = toTamb (linearL n)

We get a profunctor representation of a neuron by composing its three
components:

neuronT :: Int ->
Trilens D D ((V, V), D) ((V, V), D) Para Para V V
neuronT mIn =
dimapP (second (unLunit . unPara))
(second (wkPara . lunit))
triCompose (dimapM (first runit) (first unRunit)
triCompose (linearT mIn) biasT) activT

data Para = Para { bias :: D, weight :: V }
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Training a Multi-Layer Perceptron

makeMlp :: Int -> [Int] ->
Trilens V V -- output
[LCCv, v, D)I] [LCV, V), D)I] -- residues
[[Paral]l [[Paral]l -- parameters
VV —— 2nput

batchN :: (VSpace dp) => Int ->
Trilens a damdm p dp s ds —>
Trilens [a] [da] [m] [dm] p dp [s] [ds]
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Loss Function

lossL :: PreLens D D ([V], [VI) ([vl, [vl) [vl [v] [v] (V]
lossL = PrelLens fw bw
where
fw (gTruth, s) =
((gTruth, s), sqDist (concat s) (concat gTruth))
bw ((gTruth,s),da) = (fmap (fmap negate) delta', delta')
where
delta' = fmap (fmap (da *)) (zipWith minus s gTruth)
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